We investigate the late-time tail of the retarded Green function for the dynamics of a linear field perturbation of Kerr spacetime. We develop an analytical formalism for obtaining the late-time tail up to arbitrary order for general integer spin of the field. We then apply this formalism to obtain the details of the first five orders in the late-time tail of the Green function for the case of a scalar field: to leading order we recover the known power law tail t −2 −3 , and at third order we obtain a logarithmic correction, t −2 −5 ln t, where is the field multipole.
I. INTRODUCTION
The study of the mode-decomposition of linear field perturbations of spherical (Schwarzschild) and axially-symmetric (Kerr) black hole spacetimes has a long history in the General Relativity literature. Such study has been applied to a broad range of astrophysical questions such as stability of black holes (e.g., [1, 2] in Schwarzschild spacetime and [3] [4] [5] in Kerr spacetime), the self-force on a point particle moving on a curved background [6] and the end stages of gravitational collapse and of mergers of black holes. These end stages typically present an exponentiallydecaying 'ringdown' in the field (which was observed in the historical detection of gravitational waves by the Laser Interferometer gravitational-wave Observatory [7] ) followed by a late-time behaviour.
The late-time behaviour of scalar (spin-0), electromagnetic (spin-1) and gravitational (spin-2) field perturbations was first presented by Price [8, 9] , in the case of Schwarzschild spacetime. Price found that the multipole-field moments behave at late times (and fixed radius) as a power law decay of t
−2 −3 S
, where t S is the standard Schwarzschild time and is the field multipole. This has henceforth been referred to as the late-time power law-tail of the Schwarzschild black hole and can be interpreted astrophysically as the method with which a star undergoing spherically-symmetric gravitational collapse settles down finally into a black hole with 'no hair' (i.e., its only conserved charges are its mass and -if it possesses any -its angular momentum and electrical charge). The mathematics of this calculation was refined by Leaver [10] via an analysis in the complex-frequency domain of the retarded Green function of the wave equation satisfied by the field. By deforming the Fourier-integration contour in the complex-frequency plane, Leaver identified the source of the power law as coming from the branch cut that the Fourier modes of the Green function possess. In particular, he noted that it was the low-frequency asymptotics of the branch cut that gave the dominant contribution to the Green function at late times. Using this insight into the nature of the decay tail, Hod calculated the leading-order branch cut contribution in Kerr spacetime finding the decay tail for fields of spin-0, -1 and -2, all at asymptotic null infinity, timelike infinity and at the event horizon [11, 12] . The result at timelike infinity is that all scalar, electromagnetic and gravitational fields decay at late times as t −2 −3 , where t is the Boyer-Lindquist coordinate and is the multipole number corresponding to a decomposition in spin-weighted spheroidal harmonics. In a parallel series of works, Barack and Ori also calculated the leading order decay tail in Kerr spacetime: in [13] for the scalar field at null infinity, timelike infinity and on the event horizon, and in [14] for the electromagnetic and gravitational fields on the event horizon. Their analysis however, was performed in the time domain, and in contrast to Hod's results, was valid at arbitrary radii. Recently, it has been observed [5] that an additional branch cut in the case of extreme Kerr gives rise to an instability at late times of the event horizon of this black hole, thus generalizing previous results by Aretakis for axisymmetric perturbations [15, 16] . Further to these works, there have also been many numerical investigations of the decay tails in Kerr spacetime in various asymptotic regimes. Much difficulty is encountered in these simulations due to different choices of co-ordinates and harmonic bases, see [17] and references therein.
While the above results provide much physical insight into the nature of disturbances to the spacetime, they are not entirely sufficient for the applications of black hole perturbation theory to the calculation of the self-force. The calculation of the self-force is important in order to model accurately the emission of gravitational waves by a black hole inspiral in the extreme (or even intermediate [18] ) mass-ratio regime (EMRIs and IMRIs). In [19] , the self-force was calculated in the case of a scalar charge on Schwarschild spacetime by integrating the Green function over the past worldline of the charge. The Green function, in its turn, was calculated via Leaver's technique of contour-deformation and it was observed that, for the branch cut contribution, the leading low-frequency asymptotics was not sufficient in order to obtain the self-force accurately 'enough'. It was discovered that while the exponentially decaying quasinormal modes are dominant at intermediate times, the omission of the branch cut at these times (which comes from the branch cut modes to higher order in the frequency, as calculated in, e.g., [20] [21] [22] [23] [24] ) can lead to noticable errors, dispelling the identification of the branch cut with solely late times. A more accurate statement would be that the branch cut becomes dominant at late times.
Combining Leaver's technique with the advances in analytic black hole perturbation theory provided by the method of Mano, Suzuki and Tagoshi (MST) [25, 26] , two of us were able to calculate the higher order corrections to Price's decay tail in Schwarzschild spacetime at arbitrary radii [23] . In calculating the corrections, it was shown that the purely power-law nature, t −2 −3 S , is 'corrupted' by logarithmic terms at next-to-next-to-leading order, t −2 −5 S ln t. These terms allowed for a better approximation of the global Green function in Schwarzschild spacetime needed for the past-history integral found in self force calculations, such as that in [19] .
In this paper we present an extension of the calculation of [23] to (sub-extremal) Kerr spacetime. We develop the MST method for the calculation of the branch cut contribution to the retarded Green function for field perturbations of general integer spin in Kerr. We then apply this formalism to calculate explicitly the late-time behaviour of a massless scalar field up to five orders. We use Boyer-Lindquist time t. Our leading order agrees with the literature results in Kerr, i.e., t −2 −3 . We then find that a new logarithmic correction appears at next-to-next-to-leading order, i.e., t −2 −5 ln t, as in Schwarzschild. Finally, we compare our results with the fundamentally independent evaluation of the Green function via a real-frequency evaluation of the Fourier integral.
The layout of the rest of this paper is as follows. In Sec.II we introduce the retarded Green function of the Teukolsky equation for spin-field perturbations of Kerr space-time. In Sec.III we summarize the main MST equations, already given in the literature, and which we need for later on. In Sec.IV we introduce the deformation of the frequencyintegral into the complex frequency plane. In Sec.V we develop the formalism for the branch cut integral and obtain analytical expressions for the Green function modes along the branch cut. We obtain small-frequency expansions of the radius-independent part of these modes in Sec.VI and of the radial functions in Sec.VII. We put together these results in Sec.VIII, where we give the late-time tail of the Green function up to the first five orders. We conclude the main body in Sec.IX with a discussion. We have two appendices. In App.A we show that extra branch cuts that the angular eigenvalues and eigenfunctions have do not contribute to the Green function after summing over . In App.B we give small-frequency expansions for the series coefficients and for MST's so-called renormalized angular momentum parameter. We choose units c = G = 1 and, wherever ommited, M = 1.
II. GREEN FUNCTION FOR THE TEUKOLSKY EQUATION
The study of linear field perturbations ψ on Kerr spacetime in Boyer-Lindquist coordinates {t, r, θ, φ} and in the Kinnersley tetrad can be described in a unified way by the Teukolsky equation [27] ,
where ∆ ≡ r 2 − 2M r + a 2 = (r − r + )(r − r − ), Σ ≡ r 2 + a 2 cos 2 θ, T is the matter source term and s denotes the spin of interest, s = 0, 1 and 2 for scalar, electromagnetic and gravitational perturbations respectively (the Teukolsky equation (2.1) is also valid for s = 1/2 but we shall not consider this spin in this paper). The parameters M and a denote, respectively, the mass and angular momentum per unit mass. Here, r ± ≡ M ± √ M 2 − a 2 are the outer (event) horizon (r + ) and inner (Cauchy) horizon (r − ). The Teukolsky equation (2.1) can be solved by calculating a Green function satisfying
where x and x are points in Kerr spacetime, T is the differential operator on the left hand side of Eq.(2.1), and δ 4 (x, x ) ≡ δ 4 (x − x )/ |g| is an invariant 4-dimensional dirac delta distribution, where g = −Σ 2 sin 2 θ is the determinant of the metric. Teukolsky also showed that, in the frequency domain, his equation can be separated into radial and angular components by using the spin-weighted spheroidal harmonics. For the Green function this is achieved by writing
for some c > 0, where s S mω are the spin-weighted spheroidal harmonics [28, 29] . Here we have made use of the axisymmetry and stationarity of Kerr space-time to set t = 0 and φ = 0, without loss of generality. The Fourier modes G m of the Green function G ret are then themselves Green functions of the radial Teukolsky equation:
where K ≡ (r 2 + a 2 )ω − am, and s λ mω is an eigenvalue of the spin-weighted spheroidal harmonic equation. A radial Green function can be constructed from two linearly independent homogeneous solutions satisfying certain boundary conditions at infinity and at the horizon. A physically-relevant pair of linearly independent solutions are the 'ingoing' and 'upgoing' solutions defined by the following boundary conditions: ∆ as
It is convenient to define new solutionsR Consequently, they satisfy the following boundary conditions:
The boundary conditions (2.9) determine the two solutions R in m and R up m to the radial equation uniquely for ω ∈ R. These boundary conditions also define R in/up m unambiguously for Im(ω) ≥ 0 when r * ∈ R. In Im(ω) < 0, with r * ∈ R, the solution R up m is defined by analytic continuation. The radial Green function which specifically yields the retarded Green function via Eq.(2.3) can be expressed as
where r < ≡ min(r, r ), r > ≡ max(r, r ), and W is the constant Wronskian
In the next section we give analytical MST expressions for the radial solutions and radial coefficients.
III. MST METHOD
Many of the results presented will be given using the terminology of Mano, Suzuki and Takasugi [25] . For ease of reading we will now give the relevant expressions for our calculations. For a complete disposition on the MST methodology we direct the reader to the review by Sasaki and Tagoshi [26] .
The solutions satisfying the retarded boundary conditions of ingoing radiation at the horizon and upgoing at infinity are given by MST as infinite sums of hypergeometric functions and irregular confluent hypergeometric functions in various forms depending on required radii of convergence. We note that these MST series yield a specific normalization for the 'in' and 'up' solutions, which we shall give explicitly.
The horizon solution is given as a series of hypergeometric functions as
where
Here, the series coefficients a n are calculated using a three-term recurrence relation given by:
3)
The parameter ν is then calculated to guarantee that a n is the minimal solution of Eq.(3.2) both as n → ∞ and as n → −∞. For small , this value admits the expansion
In App.B we give an expansions for ν up to order 4 for spin-0. In its turn, the value of ν chosen as indicated guarantees that the series in Eq.(3.1) converges for all |x| < ∞.
We note that the radial Teukolsky equation is invariant under complex conjugation together with m → −m and ω → −ω. We shall therefore assume Re(ω) > 0 from now on without loss of generality. A solution for R up m as a series of confluent hypergeometric functions is 8) where the a n series coefficients are the same as those in Eq.(3.1),ẑ ≡ ω(r − r − ) = κ(1 − x) and + ≡ ( + τ )/2. We use (z) n to denote the Pochhammer symbol (z) n = Γ(z + n)/Γz. The series in Eq.(3.8) is convergent for r > r + when ν is calculated as mentioned above. In determining R 
where R tra + is a coefficient that we determine below. This solution can also be expressed as a series of confluent hypergeometric functions:
We shall use the solution in Eq.(3.10) later. Finally, MST give expressions for R in m and R up m which are valid at infinity and the horizon respectively, however we will omit these here. Using all of these expressions, the asymptotic amplitudes can be calculated [26] , we give those relevant to our results:
and
Here, much complication is stored in the quantities A ν + , A ν − and K ν . These are given by 14) where in this instance r is an arbitrary integer chosen for convenience 2 .
IV. GREEN FUNCTION IN THE COMPLEX FREQUENCY DOMAIN
The Green function given by (2.3) in its current form would require the homogeneous 'in' and 'up' solutions for all ω ∈ R for each and m mode. Analytical progress can be made by means of a contour deformation on the complex-frequency plane of the real-frequency Fourier integral. Leaver gave significant insight into the Green function in Schwarzschild spacetime by such deformation [10] . When deforming the contour, one must take into account the singularities of the Fourier modes of the Green function as dictated by Cauchy's theorem. In Schwarzschild space-time, the singularities of the Fourier modes are: simple poles (quasi-normal modes) and a branch point at the origin with a corresponding branch cut typically taken down the negative imaginary axis. The contour deformation then means that the Green function may be obtained by the sum of the following contributions: (1) a sum over the residues at the poles, (2) an integral along a high-frequency arc and (3) an integral around a branch cut along the negative frequency axis. In his work, Leaver identified the low frequency portion of the branch cut integral with the late time behaviour of the Green function.
In Kerr spacetime, while the significant features of the poles giving QNMs and a branch cut leading to a late time tail remain, one also must account for branch points -away from the origin -in the spheroidal functions [30? ]. In App. A we show that these angular branch cuts are, however, spurious artefacts of the spheroidal decomposition, which will vanish when we do the infinite sum over to obtain the full Green function. We show a schematic representation of the contour deformation and singularities in the complex-frequency plane in Fig.1 (where, in the case of Schwarzschild, the angular branch cuts are not present).
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FIG. 1.
Contour deformation on the complex-frequency plane for the Green function of the Teukolsky equation in Kerr spacetime and schematic representation of the singularities of its Fourier modes. Dashed dark blue line: original Fourierintegration just above the real axis. Red semi-circle: high-frequency arc integration. Blue dots: simple poles of the Fourier modes (quasi-normal modes). Criss-crossed black lines and envolving curves: branch cuts of the Fourier modes and corresponding integration contours around them; off the origin (with envolving green contour) for the branch cut of the radial functions; off points away from the origin (with envolving light blue contours) for the branch cuts of the angular functions. Unlike the other singularities, these latter angular branch cuts and envolving integration contours are not present in Schwarzschild [10? ]. We show in App. A, however that these angular cuts do not contribute to the full Green function. [We note that in this figure we are ignoring any other extra cuts which the coefficients an and/or the pararameter ν might have]
In this paper we are interested in the late-time behaviour of the Green function. From asymptotic theory of Laplace transforms [31] , this late-time behaviour will be dictated, after performing a Laplace transform on the Green function, by the uppermost singularities in the complex frequency plane of the Green function modes. In the next section we argue that the only 'physical' branch point in subextremal Kerr space-time is that at the origin, ω = 0. Furthermore, Whiting [3] showed that there are no exponentially growing modes (i.e., with positive imaginary frequency) in subextremal Kerr. Finally, on energy-conservation grounds, no quasi-normal modes may have real and non-superradiant frequency (i.e., ωω ≥ 0 and ω = 0) [5] . We therefore expect that the late-time behaviour of the Green function is given by the Green function modes near ω = 0.
Our strategy for calculating the late-time behaviour of the Green function will be as follows:
1. express the discontinuity across the branch cut in the frequency domain radial Green function in terms of the discontinuity of the upgoing homogeneous solution;
2. find an analytic expression for the discontinuity in the upgoing homogeneous solution in terms of known MST quantities;
3. use this to calculate the induced discontinuity in the Wronskian;
4. explicitly compute a low-frequency expansion of the branch cut contribution to the Green function;
5. integrate the above branch cut expansion to obtain the behaviour of the Green function at late times.
In Sec.V we deal with the above point 1 (see, specifically, Eq. .10)). In Sec.VI we deal with point 4 for the radius-independent part and in Sec.VII for the radius-dependent part. Finally, in Sec.VIII we will deal with point 5 above.
V. BRANCH CUT
By a simple rescaling of the dependent variable, the radial Eq. (2.4) can be rewritten in Schrödinger-like form (see Eqs.2.2 and 2.13 [4] 3 ). It is easy to show that the potential in this Schrödinger-like equation goes like a constant term plus a term exponentially decreasing with the independent variable as the horizon is approached. This means that, following the heuristic arguments in [32] , the radial solution R in m is not expected to have a branch point atω = 0 On the other hand, the potential, after excluding the centrifugal barrier, goes like ω 2 plus a term that decays slower than exponentially as radial infinity is approached. This means that R up m is expected [32] to have a branch point at the origin of the complex-frequency plane (ω = 0).
The MST series for the 'in' and 'up' radial solutions confirm the above expectations. We first deal with the 'in' solutions. The representation in Eq.(3.1) for 'in' is in terms of hypergeometric functions which manifestly have no branch point in the complex-frequency plane, given their analyticity properties as functions of their first three arguments [33] . The series coefficients a n and the renormalized angular momentum ν, which appear in Eq.(3.1), are also functions of ω. We show later on, however, that, at least to the order in to which we calculate them, these quantities possess no discontinuity along the negative imaginary axis. In fact, we believe that these quantities have no discontinuity anywhere along the negative imaginary axis, as also expected by Leaver in [34] , or, at least, that if they happen to have any discontinuities along the negative imaginary axis, then these do not contribute to the full Green function (e.g., they posses angular branch points, which, not only are away from the origin but also, as we show in App. A, they do not contribute to the full Green function). Alternatively, one could use the Jaffé series representation [34] of the 'in' solutions (see also Eq.73 [34] for the 'up' solutions), which does not depend on ν, although it has different series coeffiicients whose analytic properties should be investigated. For the 'up' radial solution, let us consider its series representation Eq.(3.8) in terms of the irregular confluent hypergeometric functions U (a, b, z). These special functions contain a branch point at the origin of their third argument [33] . In our case, this means that the 'up' solutions possess a branch point at ω = 0, as expected. As is standard, we shall take the branch cut from ω = 0 to lie down the negative imaginary axis of the complex-ω plane. In this paper we calculate the Green function modes along this branch cut. The following analytic continuation property [35] will be most useful:
where M (a, b, z) is the regular confluent hypergeometric function. We will use (5.1) to obtain an expression for the discontinuity inR up m across the negative imaginary frequency axis -see Eq.(5.14) below. We first establish some useful notation for the analysis on the branch cut. We define an auxiliary variable σ ≡ iω to parameterise the frequency along the negative imaginary axis (it is σ > 0 along the cut). Henceforth, +/− superscripts denote functions evaluated respectively on the right/left of the branch cut, e.g., R up,± m (r, σ) ≡ lim ρ→0 + R up m (r, −iσ ±ρ) with σ > 0. Also, the symbol 'δ' will denote the difference between these two limits of a certain function, e.g., δR
The asymptotic behaviour at radial infinity of the 'up' radial solution is the same in the limit of the frequency approaching the negative imaginary axis from the third or the fourth quadrant:
This implies that the difference between the two must be subdominant at infinity:
Therefore, this difference must be proportional to the (normalised) linearly independent solutionR ν + :
where the constant of proportionality is a 'branch cut strength' function, q(σ). Note that q(σ) is a real-valued function in Schwarzschild spacetime [23, 36] 
where we have used Eq.(5.4) and the fact that R in m possesses no branch cut. In the following two subsections, we shall obtain expressions for the Wronskian and for the branch cut strength q(σ).
The contribution from the branch cut to the Green function G(x, x ) in Eq.(2.3) is then given by
where we have defined
and where the spin-weighted spheroidal harmonics are meant to be evaluated at ω = −iσ.
A. Wronskian discontinuity
Our expression for the discontinuity of the Green function Eq.(5.5) involves calculating the Wronskian of the two homogeneous solutions on either side of the negative imaginary axis, and taking their product: W + W − . We will now express this in terms of known asymptotic amplitudes evaluated entirely on the right hand side of the branch cut, i.e., on the 4th quadrant. Straight-forwardly, we have
We wish to write W − in terms of functions evaluated on the right side of the cut also. Using Eq.(5.4),
so that
Here, B inc,+ , B ref,+ and B tra,+ must be evaluated by analytically continuing their MST expressions from the real axis down to the right of the negative imaginary axis. Practically, this amounts to setting = 2M σe −iπ/2 with σ > 0 in our formulas. We will then expand in small σ.
B. Branch cut strength
We now derive an expression for the branch cut strength function q(σ). We begin by writing Eq. 
After an anticlockwise rotation of '2π' in the complex-frequency plane we have (assuming s ∈ Z):
Making use of these together with Eq.(5.1) with n = 1 and the identity [35] M (a, b,
we find that
We focus first on the coefficient of U (a, b, −2iẑ). Using properties of the Γ-function and putting in a and b explicitly, this coefficient is equal to
This leaves us with the U (b − a, b, 2iẑ) term, which we want to write in terms ofR 
where a and b are as in Eq.(5.12) above. With a little examination, we can note the relation
The Γ-functions simplify as
Plugging this into Eq.(5.19), using Eq.(3.11) and simplifying, we arrive at
Comparing with Eq.(5.4) we obtain an analytic expression for the branch cut strength function:
This expression is valid for all integer values of s. All functions here are analytic at = 0 and so can be expanded in Taylor series about this point.
VI. LOW-FREQUENCY EXPANSION OF THE RADIUS-INDEPENDENT PART OF THE BRANCH CUT MODES
We wish to calculate a small-frequency expansion of the BC modes δG m in Eq.(5.5). In the next section we will calculate the expansion for the radial function; in App.B we will do it for the series coefficients a n and for ν; in this section we do it for the other radius-independent quantities: the BC strength as in Eq. 
andǨ ν andǨ −ν−1 turn out to be polynomials in σ . Throughout this section we will use a check symbol above a quantity and a 'ph' superscript to factor the quantity into its exponential terms as above. Without further ado, we now proceed to give the small-frequency expansions of the various quantities obtained using the corresponding equations just referred to. We will calculate the expansions for spin s = 0, up to the first five leading orders (if one considers a log(σ) term as yielding a different order) in a general > 2 expression and separately for the cases = m = 0 and = |m| = 1 (since these cases are not reproduced by the general > 2 expression).
For the mode = m = 0 we obtaiň 
While all these quantities together are sufficient for calculating the branch cut strength q(σ), we still need the B inc , B ref and B tra coefficients which appear in the Wronskian expression. The expansions for the coefficients that we give, when evaluated on the cut, are meant to be by taking the limit from the fourth quadrant -we do not include a superscript '+' to not overburden the notation. The expansions for these coefficients for = m = 0 are: 
With these we can proceed to the results for the Wronskian factor and the q function. While we find the branch cut strength q to be quite simple even with the exponential terms included, it is useful to show it both with and without factoring out the exponential terms. This is so as to see how it will behave with and to find further cancellations when evaluating Eq.(5.5). We have, for = m = 0,
From this we see explicitly that the phase will not contribute any extra factors of σ, but there will be an alternating sign like (−1) +1 . The explicit full form of q for = 0 is
where EulerLog≡ log(4σ) + γ E . Since the Wronskian comes in two pieces one needs to check the common phase between the two to determine an overall exponential factor, which is quite a simple task given everything we have above. After combining some simplifying exponential terms involving 'log(2)' and 'iπ', this giveš
from which we can see an immediate contribution in the general-case from the exponential of σ 2 . Finally we present the ratio of the branch cut strength and the Wronskian product, the key quantity required in Eq. (5.5) to determine the discontinuity in the radial Green function. In this final step we will explicitly include much of the phase terms since they source the logarithmic contributions to the late time tail first reported in Schwarzschild in [23] . The ratio of the branch cut strength and the Wronskian product is
In Sec.VIII we will evaluate the Green function on the equator (θ = π/2). By the symmetries of the Teukolsky equation, δG 1,1 + δG 1,−1 = 2Re(δG 1,1 ) on the equator. Therefore, on the equator, we only need calculate m = 1 quantities, not m = −1. All results in this subsection are for = m = 1. Much of the details of this calculation are quite similar to the previous subsection for = 0. Therefore, we only give the main results needed, that is the expansions for the transmission coefficient for the inner solution, the branch cut strength and the Wronskian. The transmission coefficient iš 
We find the branch cut strength to be, again both with and without factoring out the exponential terms, 
For the Wronskian, we find the expressioň 
We note that the group of polygamma functions comes from the expansions of the Γ-functions which appear in K ν and K −ν−1 . We can now combine the above to give our important branch cut strength to Wronskian ratio 
We obtain the following high order expansion for the transmission coefficient for the mode = 1, m = 0:
The expansion for the branch cut strength that we obtain iš 27) together with
The expansion for the Wronskian factor in the expression for the Green function discontinuity along the cut iš
together with
One can perform the same analysis as in the previous two subsections in order to arrive at expressions which are valid for general values of and m. The only caveat is that in order to obtain higher order terms in the expansion we must increase the minimum value for which the 'general' expansion is valid. In the case of five leading orders, as here, the 'general' and m expansion is valid for ≥ 2 . For the transmission coefficient we obtain the expression:
For the branch cut strength we obtaiň
and 34) where
For the Wronskian, we obtain
with the phase as in Eq. (6.1) and the term proportional to K −ν−1 will only appear at the next order.
We also obtain the leading order for K −ν−1 . As a first step, we obtain
where ν 2 is given in Eq.(3.7) . The last Γ-fraction in Eq.(6.38), Γ(1 − s − 2i + )/Γ(− − iτ − ν 2 2 ) requires some care. By inspection, we observe that it is O(1) if m = 0 and/or s ≥ 1. Otherwise, however, it goes like
This means that the leading order asymptotics of K −ν−1 when m = 0 and/or s ≥ 1 are already manifest in Eq.(6.38), with the last Γ-fraction of O(1) . Otherwise, the asymptotics are of one order higher in and they are manifest in 
VII. LOW-FREQUENCY EXPANSION OF THE RADIAL SOLUTIONS
In the expression in Eq.(5.5) for the branch cut modes, the only radial solution that is required is the ingoing radial solution. In this section, we provide a low-frequency expansion for the ingoing radial solution which is valid at arbitrary radius, so that it is valid in the strong field as well. Our starting point is the representation in Eq.(3.1). One of the ingredients in this representation are the series coefficients a n , for which we give a low-frequency expansion in App.B. In order to complete the low-frequency expansion of the ingoing solution, we also need to expand out the hypergeometric functions themselves. A representation of the hypergeometric functions that is useful for expanding for low frequency at arbitrary radius is the Mellin-Barnes integral found in [35] . This gives the functions as an integral
where the integral goes along the (red) contour C1 in Fig 2, separating the poles of Γ(a + t) and Γ(b + t) from those of Γ(−t). In the figure, the poles of Γ(−t) (seen in green) are at t ∈ N . The functions Γ(a + t) and Γ(b + t) have poles (shown in red and black) occuring at, respectively,
For the case of interest to us, Eq.(3.1), we have the following values:
Practically speaking, evaluating the integral in Eq.(7.1) is at first a tricky prospect: to even calculate it numerically, specifying the contour would require a lot of care. It can be made easier by shifting to the contour C2 (in blue), while picking up some of the residues of the poles of Γ(−t), shown in green. Changing contour splits the calculation into two workable pieces. First there is the contribution from the residues: where n indicates the dependence on the summation index in Eq. (3.1) and N is the number of poles of Γ(−t) that we pass through in changing contours from C1 to C2. This expression allows a Taylor expansion in to obtain exact expressions for the contributions at each order. What is left is the integral, now over a much simpler contour (C2) of our choosing that approches complex infinity on either side, passing somewhere in between the N th and (N + 1)th pole. A change of variables t = iy + N + 1 2 gives the integral as
In summary, we have obtained the expression
with 8) which is readily amenable to a low frequency expansion. A closed-form expression for the integral contribution here is, however, not apparent. We are forced to expand the integrand and leave each order as a integral which we can evaluate numerically to any desired accuracy. We then need to sum the residues and evaluate the integrals for each n. We truncate the n-sum when the leading contribution of the terms neglected is smaller than the order in required, i.e. for an expansion to 3 we can ignore terms with |n| > 3. In the next subsections we give explicit expansions for the lowest modes, = 0 and 1.
Each of the hypergeometric functions in Eq.(3.1) must be computed using the Barnes integral method described above, where the number of terms in the infinite sum in n is bound by the low frequency expansion. Working to o(σ 3 ), we find, for = m = 0, 9) where H c is the complex harmonic number.
The expressions for the = 1 case are, algebraically, significantly more complicated than those for = 0, particularly when m = 1. The main source of this is that the arguments of the hypergeometric function are no longer integers when = 0. We write
where we have defined 12) and We now have all the ingredients for obtaining the late-time behaviour of the Green function. We calculate G BC using Eq.(5.6). Apart from the spin-weighted spheroidal harmonics, this requires the branch cut modes δG m , which we obtain using Eq.(5.5). In its turn, this requires knowledge of the branch cut strength q, the Wronskian factor W + W − and the radial 'in' solutionsR in m . We have given explicit high-order expansions for small frequency for all these quantities for spin s = 0. A high order expansion for the branch cut strength is given in Eq.(6.13) for = 0, in Eqs.(6.21), (6.27) and (6.28) for = 1, and in Eqs.(6.33) and (6.34) for ≥ 2. A high order expansion for the Wronskian factor is given in Eqs.(6.14) and (6.15) for = 0, in Eqs.(6.22), (6.23), (6.29) and (6.30) for = 1, and in Eq.(6.36) for ≥ 2. An expansion to arbitrary order for small frequency for the radial functions at arbitrary radius can be readily obtained from Eq.(7.7), by expanding the residues Eq.(7.5) and the integrand in Eq.(7.6). Explicit expansions are given via Eq.(7.9) for = 0 and via Eqs.(7.12) and (7.13) for = 1. We note that these radial solutions still have to be normalized by dividing by B tra as per Eq.(2.8). We give expansions for B tra in Eqs.(6.8) and (6.9) for = 0, in Eqs.(6.17), (6.18) and (6.25) for = 1, and in Eqs.(6.31) and (6.32) for ≥ 2. The above quantities require expansions for the series coefficients a n and for ν, which we give in App.B.
In the following subsection, we use the above prescription for obtaining explicit high-order expansions for the Green function at late times for = 0 and = 1 for space-time points correcponding to a particular orbit in Kerr. Before that, though, let us give a quick derivation of the leading power law tail decay of the Green function, where here we ignore any frequency-independent factors in the modes and time-independent factors in the final result. From the equations referred to in the previous paragraph, we readily have: as the leading-order behavior at late times. Expansions for small aω for the spin-weighted spheroidal expansion are given in, e.g., [37] . Using these, together with the above expansions for the radial part, we can calculate the retarded Green function in the time domain. To do this we must first specify a sorce point and a field point. We choose the points to lie on a timelike circular geodesic on the equator of radius r 0 = shows the contribution from a point at a fixed time in the past on a particle far into its orbit. We choose a value of a = 6M/10 for the angular momentum of the black hole.
A. Mode = 0
Giving the results to six digits of accuracy, the branch cut mode for = 0 is witht = t/M . At leading order this is identical to that of a Schwarzschild black hole. Given the poor convergence displayed by the increasingly large coefficients of the powers of 1/t, these extra terms will offer dramatic improvement at increasingly earlier times. M . The blue curve is the Green function mode obtained using a numerical realfrequency Fourier integral, which is an 'exact' calculation. The other coloured curves correspond to substracting the analytic late-time Green function up to various orders for late times from the previous real-frequency calculation. The dashed curves are the corresponding analytic, late-time Green function remainders. We see excellent agreement for late times t > 200M .
IX. DISCUSSION
In this paper we have developed the analytical MST formalism for obtaining the branch cut modes of the Green function for general integer-spin on Kerr space-time. We then applied this formalism to derive an expansion to five orders for small-frequency of these modes in the case of a scalar field. This expansion can readily be used to obtain a high-order expansion of the full scalar Green function at late times for arbitrary values of the spatial coodinates. The leading order of the expansion, for a given spheroidal -mode, is of order t −2 −3 , in agreement with previous results in the literature. The higher orders, to the best of our knowledge had not been previously obtained. In particular, these higher orders show that a logarithmic behaviour starts appearing at order t −2 −5 ln t.
A high-order late-time expansion of the Green function can be valuable for the calculation of self-forces as carried out in [19] in the case of Schwarzschild space-time. The next step is to obtain a similar high-order expansion for a field of higher spin. As we have developed the MST formalism for the branch cut modes for general spin, we have already laid much of the groundwork for extending the calculation to electromagnetic and gravitatonal fields. The gravitational case is of particular interest given the recent detections of gravitational waves from black hole inspirals by the Laser Interferometer Gravitational-Wave Observatory [7, 39] , in which the ringdown stage was observed. It has been shown (see [30] and references therein) that the eigenvalues of the spheroidal wave equation possess square root branch cuts, typically chosen to be emanating radially outwards from points where two eigenvalues coalesce, and the eigenvalue problem is found to have a double root. Along these 'angular branch cuts', the two spheroidal eigenvalues are found to be analytic continuations of each other. To understand this better, let a superscript (1) on a quantity that depends on the spheroidal eigenvalue/eigenfunction denote the quantity being evaluated on a Riemann sheet which we take to be the principal value of a spheroidal eigenvalue/eigenfunction. Similarly, a superscript (2) will denote the analytic continuation of the eigenvalue/eigenfunction onto an 'upper' Riemann sheet. (e.g. if f (ω) = ln ω, then f
(1) = ln ω and f (2) = ln ω + 2πi). Then, in the vicinity of a branch cut with branch point having λ ,m = λ +2,m , we have λ (1) ,m = λ ,m , m <
where the principle value is chosen so that the eigenvalue is continuous on a radial contour to the origin. Note that all branch cuts occur between eigenvalues where the -values differ by 2, and the m-values coincide. The branch cuts in the eigenvalue will then manifest as branch cuts in the radial and angular functions, and as such in the Green function modes. We now consider the case of the branch cut contribution to G from the discontinuity shared by the = and = + 2 eigenvalues. We let the branch point be c, with a phase α, and the branch cut run along aω = ζe iα , with ζ : |c| → ∞. For notational convenience, in this appendix we ommit any s, m or ω indices on quantities and the argument of any function will refer to the phase of the frequency where it is being evaluated. Then the contribution to the Green function from the discontinuity of its modes across this branch cut is δG = 2e It is worth noting here that while there will be no overall contribution from the angular branch cuts, there is nothing to say that we would not perhaps see some artifacts of them for a given -mode, since it is the sum over 's which is giving the cancellations.
